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A B S T R A C T

The effective diffusion coefficient (EDC) is a fundamental parameter for characterizing gas transport in
porous media. Structural damages within the pore network significantly affect the EDC due to the al-
terations in diffusion pathways. To advance the understanding of these effects, we introduce a novel,
physics-based model that explicitly captures the complex morphology of damaged porous structures.
Utilizing a generalized tree-like bifurcation network framework combined with Monte Carlo simula-
tions, our approach models gas diffusion according to Fick's law, deriving a comprehensive expression
for EDC as a function of critical geometric parameters: porosity, fractal dimension of pore space, surface
roughness, connectivity, total branching level, branching angle, and pore damage extent. This meth-
odology eschews empirical assumptions, relying solely on fundamental physical principles, thus
ensuring high model fidelity and predictive robustness for complex porous systems. Validation against
extensive experimental datasets demonstrates strong agreement, confirming the model's accuracy. Key
findings reveal that pore damage shifts the optimal diameter ratio (ODR) from 0.772 into a broader
range of 0.788—0.876 under damage scenarios. Moreover, higher branching levels and smaller angles
increase the sensitivity of EDC to diameter ratio variations. Tailored pore morphology, particularly in
designing different diameter ratios for damaged versus undamaged zones, can significantly enhance gas
diffusion efficiency. These results offer a theoretical basis for designing damage-tolerant catalyst porous
media during the lifecycle, improving diffusion efficiency by 0.86% to 3.81% compared to traditional
designs across three damage models.
© 2025 The Chemical Industry and Engineering Society of China, and Chemical Industry Press Co., Ltd.
All rights are reserved, including those for text and data mining, AI training, and similar technologies.

1. Introduction

Porous media are solid materials with many interconnected
pores, whose size and shape greatly affect properties like perme-
ability, diffusion, and thermal conductivity. Due to their complex
and variable structures, such media often exhibit heterogeneity.
Early models typically relied on empirical parameters and rarely
provided detailed structural information, making the rational
design quite challenging. Fractal theory, pioneered by Benoit
Mandelbrot [1], provides a powerful framework to describe the
inherent complexity and scale-invariance of natural and

engineered materials. Unlike Euclidean geometry, which uses
integer dimensions for smooth shapes, fractal geometry employs
non-integer fractal dimensions to capture irregularity and self-
similarity. In gas diffusion, the pore fractal dimension (Dp)
quantifies how well the pore space fills the solid materials. A
higher Dp indicates a greater abundance of smaller pores
contributing significantly to the pore volume and a more complex,
tortuous pore network. Based on fractal theory, two primary
models are employed to describe porous structures and predict
diffusion behavior [2—6]: the capillary bundle model and the tree-
like bifurcation network model.

The capillary bundle model represents porous media as a
bundle of curved, independent capillary tubes with variable cross-
sections that follow a fractal scaling law. Zheng et al. [7] derived an
analytical expression for the gas diffusion coefficient based on
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fractal dimension, porosity, and pore size, confirming its effec-
tiveness for porosities below 0.70. Subsequently, they improved
the model's realism and accuracy by discretizing capillary tube
sizes using Monte Carlo methods [8]. Yang et al. [9] verified the
fractal scaling law in shale formation pores through adsorption-
desorption experiments and obtained the fractal dimensions
from adsorption curves. Their fractal Monte Carlo model showed
that, with fixed porosity, increasing the pore fractal dimension
reduces apparent and intrinsic permeability but increases the
permeability ratio (AGP/IP). Cai et al. [10,11] categorized gas flow
modes into viscous flow, molecular diffusion and surface diffusion
based on the ratio of molecular mean free path to pore size,
studying their effects on the apparent permeability of shale gas.
Gao et al. [12] simulated gas diffusion in fibrous media using
converging-diverging capillary bundles, finding that the diffusion
coefficient decreases with higher fluctuation amplitude and fluid
saturation. Xiao et al. [13,14] incorporated surface roughness into
the fractal model to better capture heat and mass transfer. Addi-
tionally, Li et al. [15] combined the capillary bundle model with an
evaporation model for describing porous liquid-conducting media,
for which the mean relative error was less than 5.98% compared to
mercury injection data.

Many studies using the capillary bundle model overlook pore
connectivity and branching property, leading to a gap between the
model and actual porous media. In contrast, tree-like networks,
characterized by branching structure, are common in nature (e.g.,
plant vascular systems, animal tracheae) and are known for
optimal transport efficiency, as shown by Murray [16]. These
structures have attracted research across fields such as micro-
channels [17,18], electronics [19], biology [20,21], and materials
science [22]. Research on transport in tree-like networks has
evolved: Liu et al. [23,24] studied how bifurcation types affect
mass and heat transfer, finding that gas diffusion increases with
diameter ratio, while thermal conductivity first rises then falls.
Besides, larger length ratios reduce both properties. Xiao et al.
[25,26] examined damage effects in bifurcation networks,
analyzing how broken channels and their numbers influence heat
and mass transfer. However, these studies focused mainly on
single tree-like networks, failing to fully reveal the structure-
performance relationship in porous media. Hu et al. [27]
advanced the work by using a bundle of tortuous fractal tree-like
micropore networks to investigate shale permeability and ther-
mal conductivity. Their model, validated against experimental
data, highlighted how branching level, angle, length ratio, and
diameter ratio affect these properties—particularly emphasizing
the significant, positive influence of diameter ratio and the nega-
tive impact of length ratio. Other researchers have further refined
these models from diverse perspectives. Tang et al. [28] con-
structed a 3D tree-like network inside a sphere to evaluate thermal
resistance with various fractal pore structures, providing a foun-
dation for the research on irregular porous media, while Jing et al.
[29] analyzed how surface charge affects hydraulic resistance in
electro-viscous flow within microchannels, showing that solid-
liquid interface charge influences the optimal network structure.
Liang et al. [30] proposed a symmetric polygonal bifurcation
network and provided an analytical expression for effective
permeability, and Zhang et al. [31] investigated heat conduction in
dual porous media with asymmetric tree-like bifurcation net-
works, revealing how porosity and structural parameters affect
thermal conductivity.

Although significant advances have been made in tree-like
network models, existing approaches exhibit critical limitations
that motivate the present study. Most current models assume
uniform diameter ratios across all branching levels and fail to
consider the need for re-optimization of these ratios when branch

channels undergo damage. While Zheng et al. [22,32] derived
optimal diameter ratios (ODRs) for hierarchical pore structures
based on Murray's law, their framework overlooks key micro-
structural factors such as branching angles, total branching levels,
fractal dimensions of the pore space, and the effects of pore damage,
due to the simplifying assumption of a constant volumetric flow
rate. To overcome these gaps—particularly the lack of damaged
structures optimization and the oversimplified treatment of
microstructural complexity—this work introduces an innovative
model to extend and refine Murray's law. The primary innovation
lies in explicitly optimizing diameter ratios separately for undam-
aged and damaged branches throughout the porous media's life-
cycle, thereby enabling more accurate and practical design of tree-
like bifurcation networks. Results demonstrate that this strategy
significantly enhances mass transfer efficiency in porous media
under various damage conditions. The article is structured as fol-
lows: Section 2 provides a detailed introduction to the modeling
approach; Section 3 validates the model accuracy using literature
data; Section 4 discusses the effects of different structural param-
eters on diffusion, and Section 5 presents the conclusions.

2. Methodologies

2.1. Tree-like bifurcation network

Fig. 1 depicts the tree-like bifurcation network model used to
represent the pore structure of a porous medium. Within this
model, k denotes the branching level index. At k = 0, this corre-
sponds to the parent tubes, and k＞ 0 indicates the sub-tubes. Key
geometric parameters are defined as follows: θ is the branching
angle, uniform across all bifurcation points; dk and lk represent the
diameter and length of the tubes at level k, respectively. And L0
signifies the effective diffusion length within the porous medium.
The model incorporates the following structural assumptions:
First, at each successive level (k+ 1), the number of branches
doubles relative to the preceding level (k), establishing a constant
branching number n = 2. Second, to ensure physical realism and
avoid overlap between adjacent sub-tubes, both the total volume
occupied by the network and the branching angle θ are con-
strained to finite values. Finally, the size distribution of the parent
tubes (k = 0) follows fractal scaling. The cumulative number N of
parent tubes with diameter greater than or equal to d0 is governed
by Eq. (1). Given the minimum (d0,min) and maximum (d0,max)
diameters of parent tubes, the total number of distinct tree-like
networks NT within the representative volume is given by:
(
d0,max/d0,min

)Dp , where Dp is the pore fractal dimension. Conse-
quently, the probability density function for parent tubes di-
ameters within the range d0 to d0 + Δd0 is described by Eq. (2).

N(d0)=
(
d0,max

/
d0
)Dp (1)

- ΔN(d0)
/
NT =Dpd

Dp

0,mind
- Dp- 1
0 Δd0 = f (d0)Δd0 (2)

Building upon the fractal scaling defined by Eq. (2), the diam-
eter ratio of the parent tubes (d0,min/ d0,max) is constrained to be
less than 0.01. This condition ensures the statistical validity of the
fractal size distribution. Consequently, the cumulative probability
distribution function (CDF) for the parent tube diameter is derived
as Eq. (4).

∫d0,max

d0,min

f (d0)Δd0 =1 -

(
d0,min

d0,max

)Dp

≡ 1⟹d0,min

/
d0,max ≤ 0.01

(3)
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R(d0)=

∫d0

d0,min

f (d0)Δd0 =1 -
(
d0,min

/
d0
)Dp∈(0,1) (4)

To represent the pore structure of realistic porous media, we
generate ensembles of tree-like bifurcation networks with Monte
Carlo method, which ensures the discreteness of the tube diameter
and is often used in reported fractal models [8,9,13,14]. The
implementation proceeds as follows:

(1) Parent-tube diameter assignment: For the i-th tree-like
bifurcation network, generate a uniformly distributed
random number Ri∈(0, 1). The corresponding parent-tube
diameter is calculated via Eq. (5), which comes from Eqs.
(3) and (4):

d0,i=d0,min

/
(1 - Ri)

1/Dp (5)

(2) Sub-tubes network construction: For a given network, the
length and diameter of sub-tubes (k＞ 0) derive from parent
tube via level-dependent ratios: α(k) = lk+1/lk and β(k) =

dk+1/dk, in which l0 is set by the user-input. The total hor-
izontal length and vertical height of the network are given
by Eq. (6a) and (6b), and m is the total branching levels.

L0 = l0 +
∑m

k=1

lk·cos θ (6a)

H0 = d0 +
∑m

k=1

2lk·sin θ (6b)

(3) Pore volume calculation: Total pore volume (V) of the
porous medium, represented by NT tree-like networks, is
equal to the sum of the sub-volume (Vi) of each tree-like
network (Eq. (7)). Damage within each network is charac-
terized by two parameters: the branching level kd, where
damage occurs, and the number of damaged branches Nd at
this level, with 0 ≤ Nd ≤ nkd . When k is less than kd, the tree-
like network branches are not damaged, and the pore vol-

ume is
∑kd - 1

k=0

πd2
k lkn

k/4; When k is greater than kd, the corre-

sponding pore volume is
∑m

k=kd

πd2
k lk
(
nk - Ndn

k- kd

)
/4 by

removing the damaged branches. Therefore, the sub-volume
of each tree-like network associated with damaged chan-
nels is determined by Eq. (8). Here, Nd = 0 indicates an
undamaged porous structure, whereas Nd = nkd signifies
complete blockage of the pores at the affected level,
completely preventing gas flow through the medium.

V=
∑NT

i=1

Vi (7)

Vi =
∑kd - 1

k=0

πd2
k lkn

k

/

4 +
∑m

k=kd

πd2
k lk
(
nk - Ndn

k- kd

)
/

4 (8)

(4) Diffusion cross-sectional area calculation: The effective
cross-sectional area At for diffusion is calculated using the
total pore volume V , volume-porosity ϕv, and the effective
diffusion length L0, Noting that the effective diffusion length
of the porous medium is the maximum value of the total
horizontal length among all tree-like bifurcation networks.

At =V / (ϕvL0) (9)

2.2. Formula of effective diffusion coefficient

Gas diffusion in porous media varies primarily with pore size
and includes molecular diffusion, Knudsen diffusion, and surface
diffusion. The pore sizes considered in this paper are large enough
and the diffusion behavior occurs under room temperature,
therefore the phenomenon of gas adsorption is not significant and
the influence of surface diffusion is neglected. The dominant type of
diffusion is determined by the Knudsen number (Kn), defined as the
ratio of the molecular mean free path (λ) to the pore diameter (dk).

Kn= λ/dk (10)

Where the mean free path is given by λ = kBT/
( ̅̅̅

2
㊣

πPσ2
)

. kB is

the Boltzmann constant (kB = 1.3806 × 10- 23 J·K- 1), T is tem-
perature, K, P is pressure, Pa, σ is the gas molecule diameter, m.

When the Knudsen number Kn＞ 10, Knudsen diffusion pre-
dominantly governs the mass transfer process, and the diffusion
coefficient for a k-th cylindrical tube (Dk) is calculated using Eq.
(11a) [33]. Conversely, for Kn＜ 0.1, molecular diffusion becomes

Fig. 1. Diagram of tree-like bifurcation network structure.
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the dominant mechanism, with the corresponding diffusion co-
efficient determined by Eq. (11b) [34]. In the intermediate regime
where 0.1 ≤ Kn ≤ 10, both Knudsen and molecular diffusion
mechanisms influence the mass transfer process simultaneously. In
this case, the effective diffusion coefficient is computed using Eq.
(11c) [35]. Notably, as the pore diameter dk increases or de-
creases, Eq. (11c) can be transformed into either Eq. (11b) or (11a).

Dk=

㊣
㊣㊣㊣㊣㊣㊣㊣㊣㊣㊣㊣

㊣㊣㊣㊣㊣㊣㊣㊣㊣㊣㊣

2
̅̅̅
2

㊣
dkk

0.5
B T0.5

3π0.5M0.5 ,Kn＞ 10 (11a)

2k1.5
B T1.5

3π1.5σ2PM0.5,Kn＜ 0.1 (11b)

2k1.5
B T1.5

3π1.5σ2PM0.5

[

1 - exp
(

-
dk
λ

)]

,0.1 ≤ Kn ≤ 10 (11c)

Where M stands for the gas molecular mass, kg.
Assume that Qi is the total flow through the i-th tree-like

bifurcated network, then the volumetric flow qk through a
branch at level k is obtained by the ratio of Qi to the number of
branches. When the branch is intact, qk = Qi/nk,k＜ kd; conversely,

if the branch is damaged, qk = Qi/
(
nk - Ndn

k- kd

)
, k ≥ kd. Besides,

qk can also be calculated based on Fick's diffusion law, as shown in
Eq. (12). Therefore, concentration difference ΔCk is obtained by Eq.
(13), accounting for whether there are damaged pores or not.

qk=
πd2

kDk
4

ΔCk
lk

(12)

ΔCk=

㊣
㊣㊣㊣㊣㊣

㊣㊣㊣㊣㊣

4Qilk
πd2

kDk
·

1
nk

, k＜ kd

4Qilk
πd2

kDk
·

1
(
nk - Ndnk- kd

), k ≥ kd

(13)

The total concentration drops ΔCi across the entire network i
(from inlet atk=0 to outlets at k=m) is the sum of the concentration
differences along single tube (Eq. (14)). Combining Eqs. (12)- (14)
yields the relationship between the total flow rate Qi entering i-th
network and its concentration drop ΔCi (Eq. (15)). Since all tree-like
networks within the representative volume experience the same
overall concentration difference between their inlets and outlets
(ΔC1 = ΔC2 =… = ΔCNT = ΔC), the total gas flow rate through the

porous medium is Qt =
∑NT

i=1

Qi. Applying Fick's diffusion law macro-

scopically to the entire porous medium (using effective propertiesAt,
L0 and ΔC) provides the expression for the EDC (Eq. (16)).

ΔCi=
∑m

k=0

ΔCk=
∑kd - 1

k=0

4Qilk
nkπd2

kDk
+
∑m

k=kd

4Qilk
πd2

kDk
·

1
(
nk - Ndnk- kd

)

(14)

Qi=ΔCi

/㊣

㊣
∑kd - 1

k=0

4lk
nkπd2

kDk
+
∑m

k=kd

4lk
πd2

kDk
·

1
(
nk - Ndnk- kd

)

㊣

㊣

(15)

De =
QtL0
AtΔC

=
L0
At

∑NT

i=1

1
∑kd - 1

k=0

4lk
nkπd2

kDk
+
∑m

k=kd

4lk
πd2

kDk
· 1
(nk- Ndnk- kd )

(16)

The core diffusion model described above, based on idealized
tree-like networks, neglects three key microstructural features

influencing gas diffusion: pore roughness, tortuosity and inter-
connectivity between parent tubes. We incorporate these effects
based on established physical principles. Following Yang et al. [36],
the relative roughness εk of a capillary is defined using a fractal
roughness element model as the ratio of the average roughness

height to the nominal diameter: εk = h/dk. The effective diameter
accounting for roughness is given by deff

k = dk(1 - εk). Adopting
the fractal-based expression from Yu et al. [37], tortuosity for a
curved tube is a function of the tortuosity fractal dimension Dt, the
pore diameter, and the straight-section length, the expression is

shown as τk = d1- Dt
k lDt - 1

k . Furthermore, connectivity between
parent tubes is modeled probabilistically, assuming a normal
distribution described by the probability density function in Eq.
(17), where c stands for the connectivity, δc is the standard devi-
ation, and μc is the average value of connectivity. These micro-
structural factors modify the local diffusion coefficient within a
channel. Their combined influence is incorporated via the rela-
tionship defined as Deff

k = Dkc/τ
2
k with c = 1 for k＞ 0.

f (c)=
1
̅̅̅̅̅̅̅
2π

㊣
δc

exp
[

-
(c - μc)

2

2δ2
c

]

(17)

3. Model Validation

To validate the diffusion model for a single tree-like bifurcation
network (NT = 1), we simulated the effective diffusion coefficient
(EDC) of oxygen molecules at 293 K and 0.1 MPa, investigating its
dependence on network structural evolution. Simulation results
were benchmarked against literature data [25], as shown in Fig. 2.
The primary model parameters ared0 = 1 μm, l0 = 10 μm for parent
tube, branching angle and branching number are 45◦ and 2,
damaged branching level kd is 2. Dimensionless EDC (D+

e = De/D0)
is plotted against key structural parameters, whereD0 = 1.8 × 10- 5

m2·s- 1. According to Fig.2(a),D+
e exhibits a monotonic increase with

increasing Dd. Notably, the rate of increase is highest at lower Dd
values and diminishes as Dd increases. The fractal dimension Dd

governs the scaling relationship n = β- Dd . In contrast, increasing Dl
or m causes D+

e to decrease sharply initially, followed by gradual
stabilization at larger values. The scaling n = α- Dl defines the length
fractal dimension Dl. The results shows that proposed model effec-
tively captures the EDC under damaged conditions (Nd = 0, 2, 3),
showing good agreement with the reference data (scatter points)
across all parameter variations.

To represent realistic porous media, we employ an ensemble of
NT≫1 tree-like bifurcation networks. We simulated hydrogen
diffusion (293 K, 0.1 MPa) across varying porosities and assessed
model convergence and predictive capability against experimental
data [38]. Simulation conditions mirrored the experiment: zero
total branching level (m = 0), reducing the pore structure to par-
allel capillaries with diameters ranging from 90 nm to 90 μm.
Fractal dimensions were calculated using established correlations
(Eqs. (18) [39] and (19) [40]). Fig. 3(a) shows the dependence of the
predicted EDC on NT . At low NT values, predicted EDC exhibits
significant statistical fluctuations. The fluctuation amplitude in-
creases with higher porosity, reflecting greater structural vari-
ability inadequately sampled by small ensembles. As NT increases,
the predictions gradually stabilize, reaching a steady state when
NT exceeds 1.0 × 106. Recognizing the critical role of connectivity
between parent tubes, we simulated EDC for connectivity pa-
rameters c = 1 and c = 2 across the porosity range. According to
Fig. 3(b), the computational results encompass experimental
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data from various porous materials with connectivity ranging from
1 to 2, further validating the effectiveness of the proposed model.

Dp =de -
ln (ϕv)

ln
(
d0,min

d0,max

) (18)

Dt =1 +
ln (τ)

ln
(
l0
d0

) (19)

Where de is a geometric dimension constant (de = 3 in this
work), ϕv is volume porosity in three-dimensional space, τ is

average tortuosity with τ = 1 + 0.63 ln (1 /ϕv) [41], d0 is average

diameter of parent tube with d0 = Dpd0,min/
(
Dp - 1

)
[42].

4. Results and Discussion

Leveraging our novel mathematical model, we methodically
investigate how pore architecture governs the EDC in damaged
tree-like bifurcation networks. Primary factors include pore fractal
dimension, total branching levels, and branching angles. Crucially,
we establish a rigorous optimization framework for the diameter
ratio (β) under damaged conditions to maximize mass transfer
efficiency. Our simulations reveal that conventional Murray's law
(ODRMurray = 0.758) requires significant modification when dam-
age occurs. All simulations adopt baseline parameters from Table 1

unless otherwise specified. The convergence-validated model
provides actionable guidelines for fabricating damage-tolerant
porous materials in catalytic substrates and energy storage
systems.

4.1. Undamaged network design

Building upon Zhou et al.'s [32] application of Murray's law to
porous structures, our analysis confirms that cylindrical tree-like
bifurcation networks governed by Knudsen diffusion obey the
diameter proportionality

∑
r2.5

0 =
∑
r2.5

1 =
∑
r2.5

2 across branch-
ing levels. When the branching number of the network is equal to
2.0, the optimal diameter ratio (ODR) calculated from Murray's law
for an undamaged network is approximately 0.758. Using the pa-
rameters in Table 1, we simulated hydrogen diffusion across

Fig. 2. Evolution of dimensionless EDC with network structure (a) Dd; (b) Dl; (c) total branching level (d0 = 1 μm, l0 = 10 μm, θ = 45◦,n = 2, kd = 2).

Fig. 3. Model testing for (a) convergence; (b) effectiveness (D0 = 6.51 × 10- 5 m2·s- 1 ,d0,min = 90 nm, d0,max = 90 μm,m = 0
)

.

Table 1
Model parameters and default values.

Items Default value Items Default value

T 293 K n 2.0
P 101325 Pa d0,max 90 μm

σ 2.74 × 10- 10 m d0,min 90 nm

M 3.2226 × 10- 27 kg l0 400 μm
α 0.6 NT 2 × 106

β 0.6 ϕv 0.5
θ 30◦ εk 0.05
m 3 (μc,δc) (1.2, 0.1)
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varying porosities and diameter ratios (Fig. 4(a)). When β＜ 0.4,
third-level branches reach critical diameters of 5.0 nm, inducing
Knudsen-dominated diffusion where effective diffusion co-
efficients (EDCs) converge below 2.5 × 10- 6 m2· s- 1 regardless of
porosity. As the diameter ratio increases beyond this threshold, the
EDC initially rises, reaches a peak at approximately 0.772, consis-
tent with the ODR predicted by Murray's law, and then declines.
Statistical sampling of 4000 Knudsen numbers (Kn) from two
million tree-like networks (Fig. 4(b)) reveals that the diffusion type
is mainly Knudsen diffusion and molecular diffusion (0.1 ＜ Kn＜
10) in sub-tubes and parent tubes. This bimodal diffusion regime
explains the slight deviation between our simulated ODR and
literature values, as Murray's law assumes a single diffusion type.

4.2. Pore fractal dimension

The fractal dimension of the pore structure, Dp, governs the
pore diameter distribution via Eq. (1), directly influencing the
effective diffusion coefficient of gases. Fig. 5(a) presents simula-
tion results conducted with a constant tortuosity fractal dimen-
sion, Dt = 1.1, which affects the diffusion path length. Under the
same Dp, larger tube diameters correspond to a smaller fraction of
such pores, whereas increasing Dp promotes a higher prevalence
of small-diameter parent tubes. These microstructural changes
increase the overall diffusion resistance, leading to a systematic
decrease in the EDC across all diameter ratios, as shown in
Fig. 5(b). Analyzing the evolution of the EDC with Dp at four
different diameter ratios reveals that the maximum EDC consis-
tently occurs at a diameter ratio β = 0.75, regardless of Dp varia-
tion, and the minimum EDC occurs at a diameter ratio of 0.85,
which deviates most from 0.75. Combining this with our research
content in Section 4.1, it can be inferred that the optimal diameter
ratio (ODR) for maximizing gas diffusion efficiency remains largely
independent of the pore fractal dimension.

4.3. Total branching level and angle

In porous media, both the total branching level and the
branching angle of a tree-like network affect the diffusion rate of
gas molecules, thereby altering the ODR. Fig. 6(a) illustrates a
heatmap of the EDC under different branching levels and diameter
ratios. When the total branching level of the tree-like network is
low (m ＜ 4), the diameter ratio has less impact on the EDC,
resulting in a wider range that allows gas to diffuse rapidly within
the porous medium. As the total branching level increases, the size
of the terminal branches at lower diameter ratios reaches a critical
value that restricts diffusion, leading to a higher diffusion resis-
tance throughout the network, and a narrowing of the ODR range.
Fig. 6(b) shows the combined effects of branching angle and

diameter ratio on the EDC. It can be observed that when the
diameter ratio is below 0.4, the influence of the branching angle on
the EDC is negligible, with the EDC of gas under any branching
angle remaining below 1.0 × 10- 6 m2·s- 1. As the diameter ratio
increases, lower branching angles become more favorable for the
diffusion of gas molecules. With a gradual increase in branching
angle, the diffusion path in the vertical direction expands, result-
ing in increased resistance to horizontal diffusion of the gas, which
leads to a gradual decrease in its EDC within the porous medium.

4.4. Damaged network design

To evaluate Murray's law applicability in damaged systems, we
systematically analyzed diameter power sums (

∑
d2.5
k ) across

branching levels under varying diameter ratios (β), with the out-
comes illustrated in Fig. 7. In intact networks (Fig. 7(a)), curves
intersect at β = 0.772, satisfying Murray's optimization criterion.
When β ＜ 0.772, proximal branches (lower k) exhibit greater
∑
d2.5
k than distal branches (higher k), making terminal branch

diameters the dominant flow constraint. When β ＞ 0.772, reduced
∑
d2.5
k in proximal branches shifts flow limitation to parent tube

dimensions. This shows that the physical meaning of the optimal
diameter ratio is to make the pores at different levels have the
same or similar gas flow capacity. However, when localized dam-
age occurs at level kd = 3, the tube size of which is the smallest in
the entire network, a loss of diffusion pathways eliminates curve
intersection (Fig. 7(b)), demonstrating the inapplicability of Mur-
ray's law to compromised porous media.

For damaged tree-like bifurcation networks, we propose two
optimization approaches by considering whether the diameter
ratio is variable or not.

(1) Uniform diameter ratio optimization: maintaining the
same β across levels, increasing damaged branches Nd pre-
serves unimodal EDC distribution (Fig. 8(a)). In this section,
the damaged branch level kd is 3, and the number of
damaged branches Nd of 2, 4, and 6 corresponds to damage
ratios of 25%, 50% and 75% for porous media. Simulation
results reveal that ODR increases from 0.788 to 0.876 with
rising Nd, and the maximum EDCs exceed Murray's law
predictions by 12% to 18% (as shown in Table 2).

(2) Tiered differential optimization:Allowing distinct β values
for damaged (k = 3) and intact (k ＜ 3) levels (Fig. 8(b)- (d))
induces systematic migration of the EDC maximum. As Nd
increases, the region of maximum EDC shifts upward and
exhibits contraction. This phenomenon reveals a core
compensation mechanism: enlarging pores adjacent to
damaged channels counterbalances localized flow

Fig. 4. Simulation results (a) Effect of diameter ratio; (b) Knudsen number with ϕv = 0.6,β = 0.772.
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resistance surges. This tiered optimization strategy estab-
lishes a new paradigm for damage-tolerant porous material
design. As detailed in Table 2, when Nd increases to 2, 4, and
6, the ODR for damaged branches increases from 0.768 to
1.0, and the corresponding EDCs significantly exceed the
maximum value under uniform diameter ratio conditions.

Notably, the EDCs obtained using these methods are higher
than those from designs following Murray's law.

Considering the same damage scenario (50% damage at the end
level, kd = 3, Nd = 4), the effects of porosity, relative roughness,

Fig. 5. (a) Parent tube diameter distribution and (b) Effective diffusion coefficient under different pore fractal dimensions with Dt = 1.1.

Fig. 6. Heatmap of effective diffusion coefficient with (a) total branching level; (b) branching angle (d0,min = 90 nm, d0,max = 90 μm, l0 = 400 μm
)
.

Fig. 7. The sum of branch diameter powers at different diameter ratios in (a) non-damaged tree-like network; (b) damaged tree-like network with kd = 3, Nd = 4.
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and connectivity on the Dopt
e and ODR determined by uniform

diameter ratio optimization are investigated. Fig. 9(a)- (c) reveal
monotonic dependencies of the optimum effective diffusion co-

efficient (Dopt
e ) on three structural parameters, which increases

linearly with pore connectivity and decays gradually with relative

roughness. As for porosity, Dopt
e show a gradual initial rise followed

by accelerated growth above ϕv = 0.50. Crucially, statistics of the
optimal diameter ratio under diverse configurations, the diameter
ratios maximizing EDC converge narrowly to 0.81- 0.82 (Fig. 9(d)),
which is similar to the values in Table 2 (equal to 0.814). This
phenomenon suggests that pore damage is the primary factor
influencing the optimal diameter ratio.

4.5. Catalyst structure design during lifecycle

In gas-solid phase reactions, catalyst deactivation often occurs
due to coke deposition, which damages pore structures and re-
duces mass transport efficiency. A critical limitation in conven-
tional industrial catalyst design is the neglect of progressive pore
blockage, resulting in local optimal structural configurations over
the catalyst's lifecycle. To address this, we introduce a time-
dependent damage probability function, Ψ(t), quantifying the
likelihood of pore damage within a porous medium comprising Nt

tree-like networks. By simulating the diffusion of gas in porous
media with different degrees of damage under different structural
parameters, the cumulative diffusion flux per unit area (Q) is
calculated to screen out the optimal structure, which is defined as
the time integral of the effective diffusion coefficient (Q =

∫
Dedt).

Using the model parameters specified in Table 1 (with kd = 3,Nd =

6), we examine three distinct Ψ(t) trends (Fig. 10(a)). Here,
Ψ(t) = 0 represents an undamaged pore structure, while Ψ(t) = 1
corresponds to 75% pore blockage. Fig. 10(b) illustrates the evo-
lution of De over 100 days for a catalyst designed with the con-
ventional "optimal diameter ratio" (ODR = 0.772), which
disregards pore blockage. For a nonlinear increasing Ψ(t) with a
slower growth rate in the initial stage (Nonlinear 1), De remains at
a high level, yielding the highest Q (55.37 m2) over 100 days.
Conversely, when Ψ(t) exhibits rapid initial growth followed by
slower progression (Nonlinear 2), De declines rapidly in the early
stage, resulting in the lowest Q (53.43 m2). To identify the true
lifecycle-optimal pore geometry, we systematically evaluate
diameter ratios and their associated Q values (Fig. 10(c)). The
analysis demonstrates that tailored diameter ratios can compen-
sate for damage trends, achieving comparable diffusion perfor-
mance across all three Ψ(t) scenarios. In this study, the optimized
diameter ratios are 0.820 (Linear), 0.795 (Nonlinear 1), and 0.835
(Nonlinear 2), with corresponding Q improvements of 1.98%,

Fig. 8. Effective diffusion coefficient optimization in damaged tree-like network with (a) uniform diameter ratio; (b)—(d) tiered differential diameter ratio.

Table 2
Design results of ODR for damaged tree-like networks.

Cases Murray law Uniform diameter ratio Tiered differential diameter ratio

EDC/m2·s- 1 ODR EDC/m2·s- 1 ODR (k ＜ 3) ODR (k = 3) EDC/m2·s- 1

kd = 3, Nd = 0 6.619 × 10- 6 0.772 6.658 × 10- 6 —

kd = 3, Nd = 2 6.665 × 10- 6 0.788 6.741 × 10- 6 0.80 0.768 6.751 × 10- 6

kd = 3, Nd = 4 6.587 × 10- 6 0.814 6.748 × 10- 6 0.776 0.932 6.839 × 10- 6

kd = 3, Nd = 6 5.923 × 10- 6 0.876 6.527 × 10- 6 0.788 1.0 6.788 × 10- 6
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0.86%, and 3.81% compared with the traditional design
(ODR = 0.772), respectively. This approach enables robust catalyst
design by explicitly incorporating time-dependent structural
damage, ensuring sustained high diffusion efficiency throughout
operational lifespans.

5. Conclusions

This study employs a tree-like bifurcation network to effec-
tively characterize the irregularity, self-similarity, and space-filling
properties to porous media. By integrating this network model
with a Fick's diffusion law, we develop a comprehensive frame-

work for predicting effective diffusion coefficients based entirely
on physical parameters. Under identical conditions, the pre-
dictions generated by our model show good agreement with
existing reference data from the literature. Systematic compari-
sons of structural parameters, including pore fractal dimension,
total branching levels, diameter ratio, and bifurcation angles, lead
to the following key conclusions:

(1) In the proposed model framework, the diameter of the
parent-tube is determined by the Monte Carlo method.
When there is no damage in tree-like networks, the ODR
making a maximum EDC is 0.772, which deviates slightly

Fig. 9. Optimal effective diffusion coefficient under different structural parameters (a) porosity; (b) relative roughness; (c) connectivity and (d) statistically optimal diameter ratio.

Fig. 10. Catalyst structure design during lifecycle (a) damage probability curves (b) EDC with time (c) cumulative diffusion flux per unit area vs. diameter ratio.
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from the value of 0.758 obtained by Murray's law. The
reason is that the diffusion types in part branches include
both Knudsen diffusion and molecular diffusion, while
Murray's law only considers a single category of diffusion. In
addition, a comparison of EDC under different pore fractal
dimensions revealed that, although it affects the distribu-
tion of pore size, it hardly changes the ODR.

(2) The total branching level and branch angle have a significant
impact on EDC. When the total branching level is less than
4.0, the range of diameter ratios corresponding to high EDCs
is broader. Increasing the total branching level causes the
overall diffusion resistance of the network to rise, thereby
narrowing the range. When the diameter ratio is less than
0.4, the influence of branch angles on EDC can be neglected.
As the diameter ratio increases, smaller branch angles result
in higher EDCs.

(3) When a tree-like network sustains damage, the predictive
accuracy of Murray's law for the ODR diminishes. To address
this, two optimization strategies were employed, consid-
ering whether the diameter ratios of individual branches are
uniform or not. In the case of uniform diameter ratios, the
EDC exhibits a unimodal distribution with respect to the
diameter ratio. The ODR corresponding to the maximum
EDC increases from 0.788 to 0.876 as the extent of damage
escalates from 25% to 75%. This observation suggests a core
compensation mechanism: enhancing the pore size near
damaged branches can counterbalance the increased local
mass transfer resistance. Conversely, a tiered differential
optimization method is applied when considering distinct
diameter ratios for intact and damaged branches. The re-
sults demonstrate that the EDC achieved through this
approach markedly surpasses the values obtained under
uniform diameter ratio conditions.

(4) By introducing a time-dependent damage probability
function Ψ(t), we simulated the coking behavior of the
catalyst over its lifetime and tailored the diameter ratio to
maximize the cumulative diffusion flux. Three different Ψ(t)
growth curves were considered: when the diameter ratio
remained constant, the case where Ψ(t) first increased
slowly and then rapidly (Nonlinear 1) maintained high De

and exhibited the highest cumulative diffusion flux
compared to linear growth and the case where Ψ(t) first
increased rapidly and then slowly. We systematically eval-
uated the cumulative diffusion flux under different diameter
ratios and demonstrated that tailored diameter ratios can
compensate for the damage trend, achieving comparable
diffusion performance under the three Ψ(t) scenarios. In this
study, the optimized diameter ratios of 0.820 (linear), 0.795
(Nonlinear 1), and 0.835 (Nonlinear 2) resulted in im-
provements in cumulative diffusion flux of 1.98%, 0.86%, and
3.81%, respectively, compared to the conventional design
(ODR = 0.772).

Finally, the existing model can be further refined. While this
study assumes a constant branching number (n = 2), extending it
to variable branch counts would enhance its applicability. Addi-
tionally, in real systems, damage occurs at various branch levels,
not just terminal branches. Future work should incorporate
theoretical design of the diameter ratio across different branch
levels to account for such damage.
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Nomenclature

At diffusion cross-sectional area, m2

Bi Boolean variable
c connectivity parameter
De effective diffusion coefficient of porous media, m2·s- 1

Dopt
e optimal effective diffusion coefficient of porous media,

m2·s- 1

Dp dimensionless pore fractal dimension
Dk diffusion coefficient for a k-th cylindrical tube, m2·s- 1

Deff
k effective diffusion coefficient for a k-th cylindrical tube,

m2·s- 1

Dt dimensionless tortuosity fractal dimension
de geometric dimension
dk tube diameter, m
deff
k effective tube diameter, m
d0,max maximum diameter of the parent tubes, m
d0,min minimum diameter of the parent tubes, m
H0 total vertical height, m

h average height of the roughness elements, m
i tree-like network number
Kn Knudsen number
k branching level index
kB Boltzmann constant
kd damaged branching level
L0 effective diffusion length or total horizontal length, m
lk tube length, m
M gas molecular mass, kg
m total branching level
Nd number of damaged branches
NT total number of tree-like networks at the inlet section
n branching number
P pressure, Pa
Q cumulative diffusion flux per unit area, m2

Qi total flow through the i-th tree-like network, mol·s- 1

Qt total flow through porous media, mol·s- 1

qk gas flow rate through the k-th level branch, mol·s- 1

Ri random number
T temperature, K
V total pore volume of the porous media, m3

Vi sub-volume of the i-th tree-like network, m3

ΔCk concentration difference at the k-th level branch,
mol·m- 3

ΔCi total concentration difference, mol·m- 3

α length ratio
β diameter ratio
δc standard deviation of connectivity distribution
εk relative roughness
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θ branching angle
λ mean free path, m
μc average connectivity
σ molecular diameter, m
τk tortuosity
ϕv volume porosity
Ψ damage probability
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